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1. Introduction 

The idea that the Einstein action should be modified by the addition of 
interactions involving higher powers of the Riemann curvature tensor has 
a long history stretching back to the early days of general relativity. Such 
higher curvature theories originally appeared in proposals by Weyl and 
Eddington for a geometric unification of electromagnetism and gravity [1]. 
Much later, interest arose in higher derivative theories of gravity because 
they provided renormalizable quantum field theories [2, 3]. Unfortunately, 
the new massive spin-two excitations, which tame the ultraviolet diver- 
gences in such theories, result in the instability of the classical theory [4] 
and the loss of unitarity in the quantum theory [3, 5]. While higher curva- 
ture theories have thus proven inadequate as the foundation of quantum 
gravity, they still have a role to play within the modern paradigm of effec- 
tive field theories [6]. 

Irrespective of the fundamental nature of quantum gravity, there should 
be a low energy effective action which describes the dynamics of a "back- 
ground metric field" for sufficiently weak curvatures and sufficiently long 
distances. On general grounds, this effective gravity action will consist of 
the usual Einstein action plus a series of covariant, higher-dimension in- 
teractions, i.e., higher curvature terms, and also higher derivative terms 
involving the "low-energy" matter fields. The appearance of such inter- 
actions can be seen, for example, in the renormalization of quantum field 
theory in curved space-time [7], or in the construction of low-energy effective 



x To appear in: Black Holes, Gravitational Radiation, and the Universe: Essays in 
Honor of C. V. Vishveshwara, eds., C.V. Vishveshwara, B.R. Iyer, B. Bhawal 



2 



R.C. MYERS 



actions for string theory [8, 9]. In this context, the higher curvature inter- 
actions simply produce benign perturbative corrections to Einstein gravity 
coupled to conventional matter fields [10, 11]. 

Naive dimensional analysis would suggest that the coefficients of the 
higher dimension terms in such an effective Lagrangian should be dimen- 
sionless numbers of order unity times the appropriate power of the Planck 
length. Thus one might worry that all of the effects of the higher curvature 
terms would be the same order as those of quantum fluctuations, and so 
there would seem to be little point in studying modifications of "classical" 
black holes from higher dimension terms. One motivation for studying a 
classical higher curvature theory is that it is, of course, possible that the 
coefficients of some higher dimension terms are larger than what would 
be expected from simple dimensional analysis. Moreover, it is interesting 
to explore black holes in generalized gravity theories in order to discover 
which properties are peculiar to Einstein gravity, and which are robust fea- 
tures of all generally covariant theories of gravity. Further even within this 
framework, one may still discover clues as to the ultimate nature of the 
underlying theory. 

With these introductory remarks, we will go on to discuss some of the 
recent investigations of black holes in higher curvature theories of gravity. 
The remainder of this chapter is organized as follows: In sect. 2, we briefly 
review various black hole solutions which appear in the literature. In sect. 3, 
we focus on black hole thermodynamics[12] in the context of higher curva- 
ture gravity. Finally in sect. 4, we provide a brief discussion and indicate 
some of the open questions. 

At this point, let us add that many of the recent candidates for a the- 
ory of quantum gravity, especially those which attempt to unify gravity 
with other interactions, are theories for which the space-time dimension is 
greater than four. Thus much of the following discussion refers to black 
holes in higher dimensional space-times [13]. While this idea may seem un- 
usual and/or unappealing to some readers, it is certainly one familiar to 
our esteemed colleague, C.V. Vishveshwara[14, 15], to whom this volume is 
dedicated. Throughout, we also employ the conventions of ref. [16] in any 
formulae. 

2. Black Hole Solutions 

When faced with the task of finding solutions of higher curvature gravity (or 
any higher derivative theory) , one must realize that it is incorrect to assume 
that adding higher derivative correction terms with "small" coefficients 
will only produce small modifications of the solutions of the unperturbed 
theoryfll]. Any higher curvature theory will, in fact, contain whole classes 
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of new solutions unavailable to the classical Einstein theory. In particular, 
the set of maximally symmetric vacuum solutions will now include some 
number of (anti-)deSitter vacua, as well as flat space[17, 18]. A common 
feature of these new solutions is that they are not analytic in the coefficients 
of the higher derivative interactions, and hence in the context of an effective 
field theory, they should be regarded as unphysical. Systematic procedures 
have been developed to exclude these spurious solutionsfll, 19]. However, 
in the context of effective field theory where the domain of validity of the 
equations of motion is expected to be limited, it suffices to treat the higher 
curvature contributions perturbatively. 

For example, let us consider the field equations: R a b = a H a b where R a b 
is the Ricci tensor, H a b is some higher derivative contribution, and a is the 
(dimensionful) coefficient of the higher curvature term in the action. Now 
making the obvious expansion of the solution, g a b = g® b + a g\ h + . . ., one 
must solve 



where A[g°] is the second order operator obtained from linearizing the Ricci 
tensor about the metric g® b - Solving eq. (1) amounts to selecting a solution 
of the unperturbed Einstein theory. Solving eq. (2) is solving for a linearized 
fluctuation in that background with some source term. As well as imposing 
appropriate boundary conditions on g* b (e.g., that it preserve asymptotic 
flatness and regularity of the horizon), one would (usually) choose it to 
preserve the symmetries of the original solution (e.g., spherical symmetry, 
stationarity). While the above discussion was phrased in terms of purely 
gravitational solutions, it would be straightforward to include matter fields, 
as one might in considering charged black holes. Further this approach ex- 
tends in an obvious way to developing the perturbation expansion to higher 
orders, which may involve including additional higher order interactions. 

In this expansion, the coupling constant a has the dimension of length 
to some (positive) power n, e.g., n = 2 if H a b arises from a curvature- 
squared interaction. The true dimensionless expansion parameter in the 
above analysis is then a/L n where L is the local curvature scale. Hence 
this expansion will always break down in the black hole interior near the 
singularity, but it will be reliable in the exterior region of a large black 
hole where the curvatures are small. Thus within this context, one can 
expect that for large black holes the asymptotic regions feel only minor 
corrections due to the higher curvature terms. Near the singularity, the 
higher curvature contributions become strong, but this implies that one 
has left the realm in which the effective action is to be trusted. It would 
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seem that at this point one must come to grips with the full underlying 
fundamental theory. However, one might attempt to make models of high 
curvature behavior[20, 21] to guide our intuition. 

Within this framework, it is interesting to consider the propagation 
of metric disturbances in the black hole background. One would organize 
the disturbance with the same a expansion as above: g a b = (g B + h) a b = 
(g° + h°) ab + a(g l + h l ) ab where g^ b = g° ab + a g\ b is the background metric 
satisfying eqs. (1) and (2), above. The disturbance then satisfies 



where J a b(g°,h ) is the linearization of H a b(g + h°). Note that within 
this scheme, the propagation of metric disturbances and hence the causal 
structure are completely determined by the original background metric g® b . 
Hence we are guaranteed that the black hole really remains a black hole, 
and the event horizon remains an event horizon. 

At some level, the conclusions of the previous paragraph may actually 
seem somewhat surprising. For instance, one would conclude that rather 
than following null geodesies in the perturbed background g^ b = g^ b + ag\ b , 
"high frequency" gravity waves still follow null geodesies of the original met- 
ric g® b . In either case, one would expect these conclusions to apply in an 
approximation: L n >> A n >> a where A is the wavelength of the distur- 
bance. The first inequality justifies a geometric optics approximation [16], 
whereas the second is required for the reliability of the effective action. Now 
in examining the propagation of wavefronts in curved space, one expects 
curvature corrections to appear at the order X/L, whereas the modifications 
to the metric due to the higher curvature interactions are of the order a/L n . 
Hence given the above inequalities, one has X/L >> (X/L) n >> a/L n , and 
so the discrepancy between using either g^ or g® b to define null geodesies 
is certainly a subleading correction in determining the propagation of grav- 
itational disturbances. However, using g® b seems more consistent in the 
application of perturbation theory [22, 23]. 

Eqs. (3) and (4) are also relevant in addressing the important question 
of the (linearized) stability of the horizon [26] — a topic to which Vishu has 
made seminal contributions [27]. Given that the original Einstein theory was 
stable, one knows that there are no runaway solutions to eq. (3). Eq. (4) 
simply extends the latter equation by the addition of a regular source term. 
Hence it is also clear that h\ b has no runaway solutions by the application 
of the original stability analysis. Thus one can immediately deduce that the 
black hole solution remains stable within this perturbative framework. 
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A perturbative approach has been applied in examining modifications of 
the four-dimensional Schwarzschild black hole within the context of renor- 
malized Einstein gravity [28, 29]. In this case, curvature-squared interactions 
do not produce any modifications for solutions of the four-dimensional vac- 
uum Einstein equations. Hence this analysis considered Einstein gravity 
perturbed by the addition of terms involving three Riemann curvatures. 
The main observation resulting from this analysis [28] was that the relations 
between the black hole's mass and its thermodynamic parameters [12] are 
modified. In particular, the black hole entropy was not longer proportional 
to the area of the horizon. 

Various perturbative analyses have also been made to study black holes 
in string theory [30]-[33]. These include considering the effects of curvature- 
squared terms on spherically symmetric black holes in arbitrary dimen- 
sions[31], and on four-dimensional black holes with angular momentum[32] 
or with charge[33]. 2 In certain supersymmetric string theories, the leading 
higher curvature interaction can be shown to contain four curvatures [35]. 
The effect of these terms on spherically symmetric black holes in arbitrary 
dimensions has also been studied [30]. Apart from modifications to the usual 
thermodynamic properties of the black holes, one of the remarkable obser- 
vations here was the fact that the higher curvature terms induce various 
new forms of long-range scalar field hair on the black holes. However, this 
new hair may be regarded as secondary [36], in that it is completely deter- 
mined by the black hole's primary hair, e.g., the mass and charge. In other 
words, there are no new constants of integration, and hence these solutions 
do not violate the spirit of the no-hair theorems [37, 38]. Essentially, the 
new hair arises because the scalar fields have non-minimal couplings to the 
higher curvature terms. 

Motivated originally by string theory, a great deal of attention has been 
focussed on Lovelock gravity [39]. The latter is defined by a Lagrangian 
which is the sum of dimensionally extended Euler densities. In four dimen- 
sions, all of the higher curvature terms are total derivatives, and hence 
the theory reduces to Einstein gravity. However, in higher dimensions, the 
new interactions do make nontrivial contributions. A distinguishing feature 
of these Lagrangians is that the resulting equations of motion contain no 
more than second derivatives in time[39]. As quantum theories then, they 
are free of ghosts when expanding about flat space[40], and so they evade 
the problem of unitarity loss — however, they remain nonrenormalizable. 
Exact spherically symmetric solutions were first found for the curvature- 
squared or Gauss-Bonnet theory [18]. These results were quickly extended 
to arbitrary Lovelock theories[41]-[43], as well as charged black holes [44]. 

2 Note that in string theory, charged black holes typically differ from the Reissner- 
Nordstrom geometry as a result of nonminimal couplings between the matter fields [34]. 
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These solutions displayed a rich structure of multiple horizons, and unusual 
thermodynamic properties [42]. For example, certain (uncharged) solutions 
could be found with vanishing Hawking temperature [45]. The topic of Love- 
lock black holes is, in fact, another area upon which Vishu's research has 
touched[15]. 

While in four dimensions, the Lovelock action yields only Einstein grav- 
ity, one can also consider the Kaluza-Klein compactification[46] of a higher 
dimensional Lovelock theory down to four dimensions. The resulting the- 
ory consists of Einstein gravity coupled to various scalar and vector fields 
with nonminimal higher-derivative interactions [47]. In this case, there are 
four-dimensional black holes which carry secondary scalar hair [48]. 

More recently researchers [49, 50], interested in whether the secondary 
scalar hair found in ref. [31]~[33] survived beyond perturbation theory, in- 
vestigated exact solutions of a (four-dimensional) dilatonic Gauss-Bonnet 
theory. In the latter, the curvature-squared interaction is modified by the 
addition of a nonminimal scalar coupling. The full equations of this theory 
are difficult enough that they could not be solved analytically. However, an- 
alytic arguments and numerical evidence indicates that the modified black 
holes do carry secondary scalar hair [49]. These results were also extended 
to black holes carrying charge [50]. 

Some work [51, 52] has also been done on black holes in theories where 
the Lagrangian density takes the form y/—gf(R) where f(R) is a polynomial 
in the Ricci scalar. These models are amenable to analysis because they 
can be mapped to a theory of Einstein gravity and a minimally coupled 
scalar with an unusual potential[51, 53]. Note that if other matter fields 
are included then the latter develop unusual nonminimal couplings in the 
Einstein-scalar theory. In the case / = R + C12R 2 , a uniqueness theorem was 
proven for certain classes of matter fields in four dimensions [51]. Provided 3 
that 02 > 0, no new hair can arise and so the only black hole solutions 
are identical to those of Einstein gravity. Ref. [52] extended this work to 
spherically symmetric solutions for general polynomial actions in arbitrary 
dimensions. One finds that, with the same restriction on the quadratic 
term and irrespective of the remaining terms in the polynomial /, the only 
asymptotically flat black holes are still the Schwarzschild solutions. 

The latter investigations of the Lovelock, dilatonic Gauss-Bonnet and 
polynomial-in-i? theories all go beyond the perturbative approach originally 
described and consider exact solutions of the full higher derivative equations 
of motion. Certainly amongst the exact solutions, one will find some which 
lend themselves to a Taylor expansion in the higher curvature coupling 
constants. These solutions could then be considered the result of carrying 

3 Note that this condition is also required for the stability of the theory [54, 55]. 
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out the perturbation expansion to infinite order. To be of interest in the 
effective field theory framework though, one would have to know that there 
are no additional higher curvature interactions at higher orders. In general, 
this seems an unlikely scenario, and in string theory, certainly one that does 
not apply [56] 4 Although the physical motivation may not be strong, one can 
still set out to study these theories and their solutions as a mathematical 
problem in its own right. In this respect, a common advantageous feature, 
which the three theories discussed here seem to share in common, is the 
absence of negative energy ghosts[40, 54, 55, 58] — at least with certain 
restrictions on the coupling constants. 

From this point of view, one should readdress the important question 
of the stability of the horizon for black hole solutions in these theories. Of 
course, the linearized stability for the full higher derivative equations is 
an extremely difficult problem 5 , however, some limited results have been 
achieved. Ref. [55] shows that the four-dimensional Schwarzschild black hole 
is stable in a general fourth order gravity theory. There also some limited 
results indicating stability of spherically symmetric four-dimensional black 
holes in the dilatonic Gauss-Bonnet theory [60]. 

A more fundamental question which should also be considered is the 
actual causal structure of the "black hole" solutions. It would seem that for 
the three theories of interest here, the Lovelock, dilatonic Gauss-Bonnet and 
polynomial-in-i? gravities, that the full equations are (or can be mapped 
to) second-order hyperbolic systems. However, the characteristic surfaces 
of these equations need not coincide with null cones in the background 
space-time, opening the possibility that gravitational disturbances could 
propagate "faster than light." Note that such acausal behavior would result 
immediately if the theory in question had negative energy ghosts[61], which, 
although a feature of generic higher curvature theories, is not the case for 
these three theories. The possibility that gravitational disturbances could 
escape a "black hole" would have profound consequences for these theories. 
In the case of the Lovelock theories, investigations have been made of the 
modified characteristics [62], and in this preliminary study [63] of 

radial wavefronts in static black holes suggests that disturbances can not 
escape the horizon. The same result would necessarily seem to apply for the 
polynomial-in-i? theories, which are essentially mapped to Einstein gravity 
(with a conformally related metric) coupled to a massive scalar field [53]. 
We stress, however, that we view the motivation in studying these theories 
as more mathematical than physical. 

4 In certain cases, however, one can use supersymmetry to argue that special solutions 
are exact to all orders despite the higher curvature corrections to the action [57]. 
5 Note that going to higher dimensions introduces complications by itself [59] . 
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3. Black Hole Thermodynamics 

Black hole thermodynamics[12] is certainly one of the most remarkable fea- 
tures of the area of physics to which this volume is devoted. It produces a 
confluence of ideas from thermodynamics, quantum field theory and gen- 
eral relativity. Much of the interest in black hole thermodynamics comes 
from the hope that it will provide some insight into the nature of quantum 
gravity While originally developed in the context of Einstein gravity, it is 
easy to see that much of the framework should extend to higher curvature 
theories, as well. Hawking's celebrated result [64] that a black hole emits 
thermal radiation with a temperature proportional to its surface gravity, k: 

is a prediction of quantum field theory in space-time containing a hori- 
zon [7], independent of the details of the dynamics of the gravity theory. 
Alternatively, this result will follow from the evaluation of the of the black 
hole partition function using the Euclidean path integral method[65]. Ap- 
plying the latter approach in higher curvature gravity, it is also clear that 
one can derive a version of the First Law of black hole mechanics 



K 

2vrc 



5S = c 2 5M - n {a) 5J (a) (6) 



where M, J( a \ and are the black hole mass, canonical angular momen- 
tum, and the angular velocity of the horizon[66]. Given the identification of 
the black hole temperature with the surface gravity in eq. (5), the black hole 
entropy is naturally identified as S = (k B /K)S. In the context of Einstein 
gravity, this gives the famous Bekenstein-Hawking entropy [64, 68]: 

_ k B c 3 A H 

where A H is the area of the event horizon [67]. 

Many of the early investigations [28, 31, 30, 42, 44, 45] which exam- 
ined particular black hole solutions in higher curvature theories noted that 
eq. (7) no longer applied — see ref. [69] for a review. Important conceptual 
progress was made in ref. [70], where it was realized that S should take 
the form of a geometric expression evaluated at the event horizon. This 
result was explicitly demonstrated there for the special case of Lovelock 
gravity, by extending a Hamiltonian derivation of the First Law[71]. Vari- 
ous other techniques were then developed[72]-[77] to expand this result to 
other higher curvature theories. In particular though, Wald[72] developed 
an elegant new derivation of the First Law which applies for any diffeo- 
morphism invariant theory — see below. His derivation makes clear that in 
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eq. (6), S may always be expressed as a local geometric density integrated 
over a space-like cross-section of the horizon. 

3.1. BLACK HOLE ENTROPY AS NOETHER CHARGE 

Here, we will provide a brief introduction to Wald's derivation of the First 
Law. The interested reader is referred to Refs. [72, 74, 75, 78] for a complete 
description. In the following, we also adopt the standard convention of 
setting H = c = k B = 1. 

An essential element of Wald's approach is the Noether current associ- 
ated with diffeomorphisms[79]. Let L be a Lagrangian built out of some set 
of dynamical fields, including the metric, collectively denoted as ip. Under 
a general field variation Sip, the Lagrangian varies as 



where "•" denotes a summation over the dynamical fields including contrac- 
tions of tensor indices. Then the equations of motion are E = 0. With sym- 
metry variations for which 5{^J—gL) = 0, 9 a is the Noether current which is 
conserved when the equations of motion are satisfied — i.e., V a a (5ifj) = 
when E = 0. For diffeomorphisms, where the field variations are given 
by the Lie derivative Sip = C^ip, the variation of a covariant Lagrangian 
is a total derivative, 5{ y f zr gL) = C^(yJ^gL) = \f zr gS7 a {t, a L). Thus one 
constructs an improved Noether current, 



which satisfies V a J a = when E = 0. 

A fact [80], which may not be well-appreciated, is that for any local 
symmetry, there exists a globally-defined Noether potential Q ab , satisfying 
J a = \7 b Q ab where Q ab = -Q ba . Q ab is a local function of the dynamical 
fields and a linear function of the symmetry parameter (i.e., £ a in the 
present case). Of course, this equation for J a is valid up to terms which 
vanish when the equations of motion are satisfied. Given this expression for 
J a , it follows that the Noether charge contained in a spatial volume E can 
be expressed as a boundary integral §Q S d D ' 2 xVhe a bQ ab , where h a b and 
e a b are the induced metric and binormal form on the boundary dH. 

Another key concept that enters in Wald's construction is that of a 
Killing horizon. Given a Killing vector field which generates an invariance 
for a particular solution — i.e., C^ip = for all fields — a Killing horizon 
is a null hypersurface whose null generators are orbits of the Killing vector. 
If the horizon generators are geodesically complete to the past (and if the 
surface gravity is nonvanishing) , then the Killing horizon contains a space- 
like cross-section B, the bifurcation surface, on which the Killing field \ a 
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vanishes[81]. It can be shown that the event horizon of any black hole, 
which is static or is stationary with a certain t-(f>^ orthogonality condition, 
must be a Killing horizon[82]. 6 A stronger result holds in general relativity, 
where it can be proven that the event horizon for any stationary black hole 
is Killing[84]. 

The key to Wald's derivation of the First Law is the identity 

5H = 5 [ dV a J a - [ dV a V b (eO b - ^ b a ), (9) 

where H is the Hamiltonian generating evolution along the vector field £ a , 
and £ is a spatial hypersurface with volume element dV a . This identity is 
satisfied for arbitrary variations of the fields away from any background 
solution. If the variation is to another solution, then one can replace J a 
by VbQ ab , so the variation of the Hamiltonian is given by surface integrals 
over the boundary <9X. Further, if £ a is a Killing vector of the background 
solution, then SH = 0, and in this case, one obtains an identity relating 
the various surface integrals over dT,. 

Suppose that the background solution is chosen to be a stationary black 
hole with horizon-generating Killing field x a 9 a = dt + $<£(«)) and the 
hypersurface £ is chosen to extend from asymptotic infinity down to the 
bifurcation surface where x a vanishes. The surface integrals at infinity then 
yield precisely the mass and angular momentum variations, 5M—Q.^8J( a \, 
appearing in Eq. (6), while the surface integral at the bifurcation surface 
reduces to 5 § B d D ~ 2 x Vhe a bQ ab {x)- Finally, it can be shown that the latter 
surface integral always has the form (k/2w)5S, where k is the surface gravity 
of the background black hole, and S = 2ti § B d D ~ 2 x \f~h £ a bQ ab {x)-, with x a , 
the Killing vector scaled to have unit surface gravity. 

By construction Q ab involves the Killing field x a and its derivatives. 
However, this dependence can be eliminated as follows [72]: Using Killing 
vector identities, Q ab becomes a function of only x a an d the first derivative, 
V a Xb- At the bifurcation surface, though, x a vanishes and V a Xb = tab, 
where e a b is the binormal to the bifurcation surface. Thus, eliminating the 
term linear in x a and replacing V a Xb by e ab yields a completely geometric 
functional of the metric and the matter fields, which may be denoted Q ab . 
One can show that the resulting expression, 

S = 2tt £ d D ~ 2 xVhe ab Q ab , (10) 

6 Note that the Zeroth Law, i.e., the constancy of of the surface gravity over a station- 
ary event horizon, follows if the latter is also a Killing horizon[82, 83]. This is significant 
since the Zeroth Law is actually an essential ingredient to the entire framework of black 
hole thermodynamics. 
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yields the correct value for S when evaluated not only at the bifurcation 
surface, but in fact on an arbitrary cross-section of the Killing horizon [74, 
75]. 

Using Wald's technique, the formula for black hole entropy has been 
found for a general Lagrangian of the following form: 

L = L(g ab ,R abcd ,V e R abcd ,V (ei V e2 )R abcd , . . . ; ip, V a V>, V (oi V a2 )V>, . . .) , 

involving the Riemann tensor and symmetric derivatives of R a bcd (and the 
matter fields, denoted by ip) up to some finite order n. S may then be 
written [73]-[75] 

/n 
d 2 xVh ]r (-r v (ei . . . Vem)Z ^-^cd €ab €cd 

m=0 

where the Z-tensors are defined by 

A T 

gei---e m :abcd _ 

SV( ei ■ ■ ■ ^ em )Rabcd 

As a more explicit example, consider a polynomial-in-i? action 

I = j^Jd 4 x^(R + a 2 R 2 + a 3 R 3 ) (13) 
for which one finds the simple result 

S = — j> d°- 2 x Vh (l + 2a 2 R + 3a 3 i? 2 ) . (14) 
Similarly in the Gauss-Bonnet theory with action 

1 = ukc I A ^( R + a ( R abcdR abcd - 4R ab R ab + R 2 )) (15) 

one finds from eq. (11) that 

S = -^jd D ~ 2 xVh(l + 2aR{h)) . (16) 

where R(h) is the Ricci scalar calculated for the induced metric h ab . In 
both eqs. (14) and (16), the first term yields the expected contribution for 
Einstein gravity, namely A /(AG). Thus just as the Einstein term in the 
action is corrected by higher-curvature terms, the Einstein contribution to 
the black hole entropy receives higher-curvature corrections. 
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4. Epilogue 

While higher curvature theories are typically pathological when considered 
as fundamental, they may still be studied within the framework of effective 
field theory [6] where they produce minor corrections to Einstein gravity. 
Still perturbative investigations[28]-[33] of black holes in this context have 
revealed modifications to black hole thermodynamics and the generation of 
new scalar hair in these theories. It may be of interest to the perturbative 
framework on a more formal footing, e.g., addressing questions such as 
whether or not solutions to eq. (2) always exist which leave the event horizon 
a regular surface. 

The absence of ghosts in the Lovelock, dilatonic Gauss-Bonnet and 
polynomial-in-i? theories also seems an interesting question to investigate 
more fully. This feature seems to make these theories an interesting math- 
ematical framework in which to study exact black hole solutions of the full 
higher derivative equations. It may be of interest then to find more general 
stationary solutions, i.e., rotating black hole solutions. The stability of the 
event horizon, however, remains an important question to be addressed for 
even the solutions with spherical symmetry. 

Ultimately it was the studies of various black holes solutions that led 
to the beautiful generalization of black hole thermodynamics for higher 
curvature theories. Wald's new derivation of the First Law[72] demonstrates 
the black hole entropy is always determined by a local geometric expression 
evaluated at the event horizon, and provides a general and explicit formula 
(11) for S. It may be that these results may be used to provide an even more 
refined test of our understanding of black hole entropy in superstring theory, 
given the recent dramatic progress in that area[9]. One interesting question 
related to Wald's derivation is determining the minimal requirements for a 
stationary event horizon to be a Killing horizon. 

While eq. (11) provides an elegant expression for S, it should be noted 
that amongst the details overlooked in sect. 3.1 was the fact that a number 
of ambiguities arise in the construction of Q ab [74, 75]. Hence eq. (11) 
should be understood as the result of making certain (natural) choices 
in the calculation. None of these ambiguities have any effect when S is 
evaluated on a stationary horizon, but they might become significant for 
non-stationary horizons. As an example, it should be noted that for the 
Gauss-Bonnet theory, eqs. (11) and (16) are strictly not the same because 
the latter expression relies on the additional information that the extrinsic 
curvature of the bifurcation surface vanishes [70]. Hence the two expressions 
should not be expected to coincide on a non-stationary horizon. 

An important guide to resolving these ambiguities should be the Second 
Law. Certainly if S is to play the role of an entropy, it should also satisfy 
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the Second Law of black hole thermodynamics as a black hole evolves, i.e., 
there should be a classical increase theorem for any dynamical processes. 
Within Einstein gravity, the Second Law is established by Hawking's area 
theorem [84]. So far only limited results have been produced for higher cur- 
vature theories [85] — see also comments in ref. [78]. One can show for qua- 
sistationary processes that the Second Law is in fact a direct consequence of 
the First Law (and a local positive energy condition for the matter fields), 
independent of the details of the gravitational dynamics. For polynomial- 
in-i? theories, one can establish the Second Law with certain restrictions 
on the coupling constants (and again a positive energy condition on the 
matter sector) . One proof of the latter involves studying the properties of 
the null rays along the event horizon with an extension of the Raychaudhuri 
equation. A valuable extension of these results [85] would be to establish the 
Second Law within a perturbative framework. Of course, another important 
question is to determine the validity of the generalized Second Law [86] for 
evaporating black holes in the higher curvature theories. 

A final question which I pose here is related to the conformal anomaly [87]. 
In quantum field theory [7], the conformal anomaly may be characterized as 
higher derivative modifications of the renormalized gravitational equations 
of motion which do not result from the variation of a local action. It appears 
that these terms will modify the expression for the black hole entropy [88] 
but they can not in general be addressed with Wald's construction — see, 
however, [89]. It would be interesting to improve on the latter to systemat- 
ically include the effects of these contributions, and to determine whether 
S or its variation in the First Law still retains its local geometric character. 
The investigation of a two-dimensional toy model would seem to indicate 
that the answer to the last question is negative [89]. 



I would like to gratefully acknowledge useful discussions with T. Ja- 
cobson. I am also grateful for the hospitality of the Institute for Theo- 
retical Physics at the University of California, Santa Barbara, where this 
manuscript was completed. This work was supported by NSERC of Canada, 
and at the ITP, UCSB by NSF Grant PHY94-07194. 

References 

1. H. Weyl, Ann. Phys. (Leipzig) 59 (1919) 101; Phys. Zeit. 22 (1921) 473; 

A. Eddington, The Mathematical Theory of Relativity, 2nd ed. (Cambridge Univer- 
sity Press, 1924). 

2. R. Utiyama and B.S. DeWitt, J. Math. Phys. 3 (1962) 608. 

3. K.S. Stelle, Phys. Rev. D16 (1977) 953; Gen. Rel. and Grav. 9 (1978) 353. 

4. D.G. Boulware, S. Deser and K.S. Stelle, Phys. Lett. 168B (1986) 336; in Quan- 
tum Field Theory and Quantum Statistics, eds. LA. Batalin, C.J. Isham and C.A. 



14 



R.C. MYERS 



Vilkovisky (Hilger, Bristol, 1987). 

5. See for example: 

D.G. Boulware, A. Strominger and E.T. Tomboulis in: Quantum Theory of Gravity, 
ed. S. Christensen (Hilger, Bristol, 1984). 

6. See for example: 

S. Weinberg, The Quantum Theory of Fields, Vols. 1 and 2, (Cambridge University 
Press, 1995). 

7. See for example: 

N.D. Birrell and P.C.W. Davies, Quantum fields in curved space, (Cambridge Uni- 
versity Press, 1982). 

8. See for example: 

M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory, (Cambridge Univer- 
sity Press, 1987); 

D. Lust and S. Theisen, Lectures on String Theory, (Springer, Berlin, 1989); 
J. Polchinski, String Theory (Cambridge University Press, 1998). 

9. See the contribution of S. Wadia in this volume. 

10. See for example: 

J.F. Donoghue, "Introduction to the Effective Field Theory Description of Gravity," 
eprint gr-qc/9512024. 

11. J.Z. Simon, Phys. Rev. D41 (1990) 3720; D43 (1991) 3308; 

L. Parker and J.Z. Simon, Phys. Rev. D47 (1993) 1339 [gr-qc/9211002]. 

12. See the contribution of J.D. Bekenstein in this volume. 

13. R.C. Myers and M.J. Perry, Ann. Phys. 172 (1986) 304. 

14. B.R. Iyer and C.V. Vishveshwara, "The Vaidya solution in higher dimensions," 
Pramana, J. Phys. 32 (1989) 749; "The Frenet-Serret formalism and black holes in 
higher dimensions," Class. Quan. Grav. 5 (1988) 961. 

15. B.R. Iyer, S. Iyer and C.V. Vishveshwara, "Scalar waves in the Boulware-Deser 
black hole background," Class. Quan. Grav. 6 (1989) 1627. 

16. R.M. Wald, General Relativity (University of Chicago Press, Chicago, 1984). 

17. A. A. Starobinsky, Phys. Lett. 91B (1980) 99; 
M.S. Madsen, Nucl. Phys. B323 (1989) 242. 

18. D.G. Boulware and S. Deser, Phys. Rev. Lett. 55 (1985) 2656. 

19. X. Jaen, J. Llosa and A. Molina, Phys. Rev. D34 (1986) 2302; 
see also: 

D.A. Eliezer and R.P. Woodard, Nucl. Phys. B325 (1989) 389. 

20. V.P Frolov, M.A. Markov and V.F. Mukhanov, Phys. Lett. B216 (1989) 272. 

21. D. Morgan, Phys. Rev. D43 (1991) 3144; 

M. Trodden, V.F. Mukhanov and R.H. Brandenberger, Phys. Lett. B316 (1993) 
483 [hep-th/9305111]. 

22. For static black holes, one can develop an "improved" expansion[30, 31] of the metric 
with: g t t = 3tt(l + ahtt), g rr = 3rr(l + oth rr ), etcetera. Within this approach, it 
should be obvious that the event horizon of the original metric really does remain 
a horizon in the perturbed background, irrespective of the previous discussion. 

23. We would advocate that the same reasoning should be applied in the recent studies 
which suggest that as a result of nonminimal couplings to curvature in an effective 
action, photon propagation in curved space backgrounds can be "superluminal" [24] . 
One should not ascribe any physical significance to the results derived there without 
a thorough investigation of the expected curvature corrections to the propagation 
of wave packets[25]. 

24. See for example: 

R.D. Daniels and CM. Shore, Nucl. Phys. B425 (1994) 634 [hep-th/9310114]; Phys. 
Lett. B367 (1996) 75 [gr-qc/9508048]; 

G.M. Shore, Nucl. Phys. B460 (1996) 379 [gr-qc/9504041]; 

R. Lafrance and R.C. Myers, Phys. Rev. D51 (1995) 2584 [hep-th/9411018]. 

25. A.D. Dolgov and LB. Khriplovich, Sou. Phys. JETP 58 (1983) 671. 



HIGHER CURVATURE GRAVITY 



15 



26. See the contributions of B.F. Whiting and R.M. Wald in this volume. 

27. C.V. Vishveshwara, "Stability of the Schwarzschild Metric," Phys. Rev. Dl (1970) 
2870; 

L.A. Edelstein and C.V. Vishveshwara, "Differential Equations for Perturbations 
on the Schwarzschild Metric," Phys. Rev. Dl (1970) 3514. 

28. M. Lu and M.B. Wise, Phys. Rev. D47 (1993) 3095 [gr-qc/9301021]. 

29. A. Dobado and A. Lopez, Phys. Lett. B316 (1993) 250; Erratum, B321 (1994) 435 
[hep-ph/9309221]. 

30. R.C. Myers, Nucl. Phys. B289 (1987) 701. 

31. C.G. Callan, R.C. Myers and M.J. Perry, Nucl. Phys. B311 (1988) 673. 

32. B. Campbell, M. Duncan, N. Kaloper and K.A. Olive, Phys. Lett. B251 (1990) 34; 
B. Campbell, N. Kaloper and K.A. Olive, Phys. Lett. B263 (1991) 364; B285 (1992) 
199; 

P. Kanti and K. Tamvakis, Phys. Rev. D52 (1995) 3506 [hep-th/9504031]. 

33. S. Mignemi and NR. Stewart, Phys. Rev. D47 (1993) 5259 [hep-th/9212146]; 
S. Mignemi, Phys. Rev. D51 (1995) 934 [hep-th/9303102]; 

M. Natsuume, Phys. Rev. D50 (1994) 3949 [hep-th/9406079]. 

34. See for example: 

G.T. Horowitz in: String theory and quantum gravity '92, Trieste 1992 Proceedings 
[hep-th/9210119]. 

M. Cvetic in: International Conference on Supersymmetries in Physics (SUSY 
96), eds. R.N. Mohapatra and A. Rasin, (North-Holland, Amsterdam, 1997) [hep- 
th/9701152]. 

35. D.J. Gross and E. Witten, Nucl. Phys. B277 (1986) 1; 
M.T. Grisaru and D. Zanon, Phys. Lett. B177 (1986) 347. 

36. S. Coleman, J. Preskill and F. Wilczek, Nucl. Phys. B378 (1992) 175 [hep- 
th/9201059]. 

37. See for example: 

M. Heusler, Helv. Phys. Acta 69 (1996) 501 [gr-qc/9610019]; Black Hole Uniqueness 
Theorems, (Cambridge University Press, 1996); and references therein. 

38. See contribution of B. Carter in this volume. 

39. D. Lovelock, J. Math. Phys. 12 (1971) 498; 13 (1972) 874. 

40. B. Zweibach, Phys. Lett. 156B (1985) 315; 
B. Zumino, Phys. Rep. 137 (1986) 109. 

41. J.T. Wheeler, Nucl. Phys. B268 (1986) 737; B273 (1986) 732. 

42. R.C. Myers and J.Z. Simon, Phys. Rev. D38 (1988) 2434; 
B. Whitt, Phys. Rev. D38 (1988) 3000. 

43. Solutions within a particular class of these theories were also recently considered: 
M. Banados, C. Teitelboim and J. Zanelli, Phys. Rev. D49 (1994) 975 [gr- 
qc/9307033]. 

44. D.L. Wiltshire, Phys. Lett. B169 (1986) 36; Phys. Rev. D38 (1988) 2445. 

45. R.C. Myers and J.Z. Simon, Gen. Rel. Grav. 21 (1989) 761. 

46. See for example: 

T. Appelquist, A. Chodos and P.G.O. Freund, Modern Kaluza-Klein Theories 
(Addison- Wesley, 1987); 

A. Salam and J. Strathdee, Ann. Phys. 141 (1982) 316. 

47. F. Miiller-Hoissen, Phys. Lett. 201B (1988) 325; Class. Quan. Grav. 5 (1988) L35. 

48. E. Poisson, Class. Quan. Grav. 8 (1991) 639. 

49. P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, Phys. Rev. 
D54 (1996) 5049 [hep-th/9511071]; 

S.O. Alexeyev and M.V. Pomazanov, Phys. Rev. D55 (1997) 2110 [hep-th/9605106]; 
"Singular Regions in Black Hole Solutions in Higher Order Curvature Gravity," 
eprint gr-qc/9706066; 

S.O. Alexeyev, Grav. Cosmol. 3 (1997) 161 [gr-qc/9704031]. 

50. T. Torii, H. Yajima and K. Maeda, Phys. Rev. D55 (1997) 739 [gr-qc/9606034]; 



16 



R.C. MYERS 



P. Kanti and K. Tamvakis, Phys. Lett. B392 (1997) 30 [hep-th/9609003]. 

51. B. Whitt, Phys. Lett. B145 (1984) 176. 

52. S. Mignemi and D.L. Wiltshire, Phys. Rev. D46 (1992) 1475 [hep-th/9202031]. 

53. P.W. Higgs, Nuov. Cvm. 11 (1959) 816; 

G. Magnano, M. Ferraris and M. Francaviglia, Gen. Rel. Grav. 19 (1987) 465; Class. 

Quant. Grav. 7 (1990) 557; 

K. Maeda, Phys. Rev. D39 (1989) 3159; 

A. Jakubiec and J. Kijowski, Phys. Rev. D37 (1988) 1406; 

J.D. Barrow and S. Cotsakis, Phys. Lett. B214 (1988) 515; 

G. Magnano and L.M. Sokolowski, Phys. Rev. D50 (1994) 5039 [gr-qc/9312008]; 
D. Wands, Class. Quant. Grav. 11 (1994) 269, [gr-qc/9307034]. 

54. A. Strominger, Phys. Rev. D30 (1984) 2257. 

55. B. Whitt, Phys. Rev. D32 (1985) 379. 

56. See for example: 

D. J. Gross and J.H. Sloan, Nucl. Phys. B291 (1987) 41. 

57. See for example: 

G.T. Horowitz and A. A. Tseytlin, Phys. Rev. Lett. 73 (1994) 3351 [hep-th/9408040]; 

E. Bergshoeff, R. Kallosh and Tomas Ortin, Phys. Rev. D50 (1994) 5188 [hep- 
th/9406009]; 

R. Kallosh and T. Ortin, Phys. Rev. D50 (1994) 7123 [hep-th/9409060]; 

A. A. Tseytlin in: Advances in Astrofundamental Physics, eds. N. Sanchez and A. 

Zichichi (World Scientific, 1995) [hep-th/9410008]; and the references therein. 

58. S. Deser and Z. Yang, Class. Quan. Grav. 6 (1989) L83. 

59. R. Gregory and R. Laflamme, Phys. Rev. D51 (1995) 305 [hep-th/9410050]; Nucl. 
Phys. B428 (1994) 399 [hep-th/9404071]; Phys. Rev. Lett. 70 (1993) 2837 [hep- 
th/9301052]; 

E. Witten, Nucl. Phys. B195 (1982) 481. 

60. P. Kanti, N.E. Mavromatos, J. Rizos, K. Tamvakis and E. Winstanley, "Dilatonic 
Black Holes in Higher Curvature String Gravity II: Linear Stability," e-print hep- 
th/9703192. 

61. S. Coleman in: Subnuclear Phenomena, ed. A. Zichichi (Academic Press, New York, 
1970). 

62. Y. Choquet-Bruhat, J. Math. Phys. 29 (1988) 1891; 

C. Aragone in: SILARG 6 Proceedings, ed. M. Novello (World Scientific, 1988); 
G.W. Gibbons and P.J. Ruback, Phys. Lett. B171 (1986) 390. 

63. T. Jacobson and R.C. Myers, unpublished. 

64. SW. Hawking, Commun. Math. Phys. 43 (1975) 199. 

65. G.W. Gibbons and S.W. Hawking, Phys. Rev. D15 (1977) 2752; SW. Hawking in 
General Relativity: An Einstein Centenary Survey, eds. S.W. Hawking and W. Israel 
(Cambridge University Press, Cambridge, 1979). 

66. In higher dimensions, one has the possibility of commuting rotations in totally or- 
thogonal planes. Hence the black hole is characterized by the set of angular momenta 
J( Q ) in the maximal set of orthogonal planes. See ref. [13]. 

67. Note that in D dimensions, a space-like cross-section of the horizon is a (D-2)- 
dimensional space, and so the surface area A H refers to the volume of such a slice. 

68. J.D. Bekenstein, Lett. Nuov. Cim. 4 (1972) 737; Phys. Rev. D7 (1973) 2333; D9 
(1974) 3292. 

69. M. Visser, Phys. Rev. D48 (1993) 583 [hep-th/9303029]. 

70. T. Jacobson and R.C. Myers, Phys. Rev. Lett. 70 (1993) 3684 [hep-th/9305016]. 

71. D. Sudarsky and R.M. Wald, Phys. Rev. D46 (1992) 1453; 

R.M. Wald in: Directions in General Relativity, eds. B.L. Hu, M. Ryan and C.V. 
Vishveshwara (Cambridge University Press, 1993) [gr-qc/9305022]; 
For a closely related method, see also: 

J.D. Brown, E.A. Martinez and JW. York, Phys. Rev. Lett. 66 (1991) 2281; 
J.D. Brown and JW. York, Phys. Rev. D47 (1993) 1407; 1420. 



HIGHER CURVATURE GRAVITY 



17 



72. R.M. Wald, Phys. Rev. D48 (1993) 3427 [gr-qc/9307038]. 

73. M. Visser, Phys. Rev. D48 (1993), 5697 [hep-th/9307194]. 

74. V. Iyer and R.M. Wald, Phys. Rev. D50 (1994) 846, [gr-qc/9403028]. 

75. T. Jacobson, G. Kang and R.C. Myers, Phys. Rev. D49 (1994) 6587 [gr-qc/9312023]. 

76. J. Louko, J.Z. Simon and S.N. Winters-Hilt, Phys. Rev. D55 (1997) 3525 [gr- 
qc/9610071]. 

77. M. Banados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 72 (1994) 957 [gr- 
qc/9309026 ]. 

78. R.M. Wald, "Black Holes and Thermodynamics," [gr-qc/9702022] to appear in: 
Black Holes and Relativistic Stars, ed. R.M. Wald. 

79. J. Lee and R.M. Wald, J. Math. Phys. 31 (1990) 725. 

80. R.M. Wald, J. Math. Phys. 31 (1990) 2378; 

See also: I.M. Anderson in Mathematical Aspects of Classical Field Theory, eds. M. 
Gotay, J. Marsden and V. Moncrief, Cord. Math. 132 (1992) 51. 

81. I. Racz and R.M. Wald, Class. Quan. Grav. 9 (1992) 2643. 

82. B. Carter, Phys. Rev. Lett. 26 (1971) 331; in: Black Holes, ed. C. DeWitt and B.S. 
DeWitt (Gordon and Breach, New York, 1973. 

83. I. Racz and R.M. Wald, Class. Quan. Grav. 13 (1996) 539 [gr-qc/9507055]. 

84. S.W. Hawking, Comm. Math. Phys. 25 (1972) 152; 

S.W. Hawking and G.R.F. Ellis, The Large Scale Structure of Spacetime (Cambridge 
University Press, Cambridge, 1973). 

85. T. Jacobson, G. Kang and R.C. Myers, Phys. Rev. D52 (1995) 3518 [gr-qc/9503020]. 

86. W. Zurek, Phys. Rev. Lett. 49 (1982) 1683; 

W.H. Zurek and K.S. Thorne, Phys. Rev. Lett. 54 (1985) 2171; 
K.S. Thorne, W.H. Zurek and R.H. Price in: Black Holes: The Membrane Paradigm, 
eds. K.S. Thorne, R.H. Price and D.A. MacDonald (Yale University Press, New 
Haven, 1986); 

W.G. Unruh and R.M. Wald, Phys. Rev. D25 (1982) 942; Phys. Rev. D27 (1983) 
2271; correction: M.J. Radzikowski and W.G. Unruh, Phys. Rev. D37 (1988) 3059; 
R.M. Wald in: Highlights in Gravitation and Cosmology, eds. B.R. Iyer et al (Cam- 
bridge University Press, Cambridge, 1988); 

V.P. Frolov and D.N. Page, Phys. Rev. Lett. 71 (1993) 3902 [gr-qc/9302017]. 

87. M.J. Duff, Class. Quant. Grav. 11 (1994) 1387 [hep-th/9308075]. 

88. D.V. Fursaev, Phys. Rev. D51 (1995) 5352 [hep-th/9412161]; 

S.N. Solodukhin, "Entropy ol Schwarzschild Black Hole and String-Black Hole Cor- 
respondence," eprint hep-th/9701106. 

89. R.C. Myers, Phys. Rev. D50 (1994) 6412 [hep-th/9405162]; 
J.D. Hayward, Phys. Rev. D52 (1995) 2239 [gr-qc/9412065]. 



